We present a field-theoretical description of the squeezed states of the electromagnetic field. A definition of the squeezed state is introduced that is a natural generalization of the definition for one or two modes. We show that the squeezing produced by the medium with space-and time-dependent material coefficients e and is directly related to the photon-pair production. In Appendix A we describe the time evolution of the Gaussian squeezed states in terms of the field variables.
INTRODUCTION
In our opinion, the study of the squeezed states has reached a stage at which it is worthwhile to develop a general framework based on the field-theoretical formalism to encompass, in a unified way, all possible situations. In this paper we present such a description employing the vector field operators of the electric displacement D(r, t) and the magnetic induction B(r, t), which fully describe the properties of the quantized electromagnetic radiation.
We define the squeezing in terms of the two canonically conjugate operators X and X 2 built linearly from the field operators D and B.
The Heisenberg equations of motion for the field operators are used to determine the dynamics of the system and, in particular, to describe the processes that result in squeezed states.
In the present paper, we restrict ourselves to the simplest case when the back action of the quantized electromagnetic field on the medium can be disregarded. The properties of the medium, however, may vary in space and in time in an arbitrary way, owing to the influence of some external driving forces. This medium will be described by two phenomenological real fields: the electric permittivity tensor e(r, t) and the magnetic permeability tensor M(r, t). These tensors will be treated as given functions of space and time. We show under what conditions such a medium generates radiation in a squeezed state. We exhibit a close connection between the squeezing and production of pairs of photons by the medium. We express the squeezing parameters by the probability amplitudes for the production of such pairs.
The study of the quantized electromagnetic field generated by the external medium is the next logical step after the extensively studied case of the quantized radiation generated by the external currents. External currents produce the coherent states of radiation, whereas the space-and timedependent external media produce squeezed states. In each case the states belong to the class of Gaussons of the electromagnetic field, as defined by one of us' (called Gaussian pure states by Schumaker 2 ).
DEFINITION OF SQUEEZING
The standard definition of squeezing for one mode of radiation (cf., for example, a review paper by Walls 3 ) is based on the decomposition of the electric-field operator into the two so-called quadrature components X 1 and X 2 . These two components can be viewed as the electric-field and the magnetic-field operators for this mode taken at t = 0. In our field-theoretical description the corresponding operators are defined as
where the two real vector functions are introduced to extract a particular mode from the complete field operators. In the absence of the free charges, we can assume, without any loss of generality, that both vector functions f and g are divergenceless, since their longitudinal parts do not contribute to the integrals [Eqs. (1) ].
We have selected D and B (and not, for example, E and H) as our basic fields, because they form the pair of canonically conjugate variables in the theory of the electromagnetic field. 4 The equal-time commutation relations for these operators are
These commutators contain neither the dielectric permittivity nor the magnetic permeability, which would not be the case for other pairs of the electric and magnetic fields.
The commutator of the X and X 2 operators is (h = 1)
The uncertainty relation for these operators can be obtained in the standard fashion, 5 and it reads as
In order to calculate the dispersions AX, we decompose the field operators D and B at t = 0 into the creation and annihilation operators of the photons with the right-handed and the left-handed polarizations
-e*(k)aL(k)]eikr -h.c.,
where the complex polarization vectors e(k) satisfy the following algebraic relations:
and = Iki. The commutation relations for the creation and the annihilation operators are ( = R, L)
In the vacuum state 10), with respect to these annhilation operators, the dispersions AX, and AX 2 are
We choose the normalization of the vector functions f and g in such a way as to obtain, in the vacuum state, the standard values 3 (AX, = 1/2 = AX 2 ) for each dispersion:
The restriction imposed by the uncertainty relation [Eq. (4)] on the product AX1AX 2 is the strongest when the following equality holds:
This condition simply means that the vector functions f and g describe the electric and magnetic fields of the same mode. Under conditions (9) and (10), the uncertainty relation takes the form
GENERATION OF THE SQUEEZED STATES
The generation of the squeezed state of the electromagnetic radiation by the medium characterized by the electric permittivity tensor e(r, t) and the magnetic permeability tensor /A(r, t) is described here in the Heisenberg picture. In this picture the equations satisfied by the field operators D(r, t) and B(r, t) have the form of the Maxwell equations. We write these equations using the complex combination of the two field operators first introduced by Kramers 6 :
which obeys the following field equations:
atF + iV X F = -iV X (KF + KFt),
The linear equations (13) for the field operators can, in principle, be solved with the help of the appropriate Green functions as if they were equations for ordinary functions.
In particular, the retarded Green function GR(r, t; r', t')
propagates the initial field operators Fin(r, t), according to the formula
The retarded Green function for the left-hand side of Eq.
(13a) can be written as the following 3 X 3 matrix:
where DR(r, t) denotes the retarded Green function for the scalar wave equation. Instead of solving Eq. (15) in full generality, we restrict ourselves here to the lowest-order perturbation with respect to K4+. This is justified if both E and ,u do not differ substantially from unity. Also, we are interested in the properties of the radiation propagating in the region of space and time far in the future where it is no longer influenced by the medium. The free-field operator in the far future will be denoted by Fout(r, t). Similarly, Fin(r * t) describes the free radiation in the region of space-time before the interaction with the medium started. The relation between the field operators in these two asymptotic regions in the lowest order of perturbation theory, obtained from Eq. (15), reads
The squeezed state is defined as the state for which either of the two dispersions falls bolow the vacuum value 1/2, in accordance with the definition used in the one-mode case.
Substituting these formulas into Eq. (17), we obtain a set of linear relations between the out and the in operators:
where
where Z-1(k) and Ai1(k) are four-dimensional Fourier transforms of cl(r, t) and Mp'(r, t), whose arguments are understood according to Eq. (21). In Eqs. (22) we used the decom-(20a) position of the Fourier transforms of the mode functions f and g into their circularly polarized components,
The arguments of the four-dimensional Fourier transforms R4 are evaluated according to the following prescription:
The relations between the out and the in operators will now be used to compare the properties of the radiation in the past and in the future. We assume that there was no radiation in the distant past so that the radiation observed in the future was generated by the medium. That means that the state of the system can be characterized as the vacuum state join) for the in operators. In order to find the conditions for squeezing, we calculate the dispersions of Xout[f] and X 2 out[g] in the state oin). Omitting straightforward but lengthy calculations, we quote only the final result below:
We consider now the functions f and g normalized according to Eq. (24)
The departures from the vacuum values in the future are given by the right-hand sides of Eqs. (22a) and (22b). These expressions differ only in sign, so that the dispersions of X1out and X 2 0ut still saturate the uncertainty relations. This result, however, is valid only in the lower order of perturbation theory.
The form of the expressions in formulas (22) clearly set the conditions on the medium and on the mode function f [g is given by Eq. (10)] under which the squeezing occurs. In particular, the medium must be described by either or varying in time; also their Fourier transforms must be different from zero in the proper region of the momentum space.
PRODUCTION OF PHOTON PAIRS AND SQUEEZING
The connection between the squeezing and the photon-pair production is most easily seen in the S-matrix language. In order to derive this relation, we express the linear relations [Eq. (19)] connecting the out and the in operators as a unitary transformation:
Such unitary transformations are the standard tool in the description of the squeezed states. 2 In the first order of perturbation theory the Hermitian operator 4' has the form
which is obtained by comparing Eq. (25) with Eq. (19). In this formula all the creation and annihilation operators are the in operators. It is instructive to rewrite formula (26) as an integral over space and time:
We can easily understand this result once we observe that 4' is simply the time integral of the interaction Hamiltonian for the electromagnetic field interacting with the medium. It must be so because, after all, the unitary relation between the in and the out operators is given by the S operator Fout(r, t) = StFin(r, t)S.
We can even write a closed expression for the S operator as the time-ordered exponential valid to all orders of perturbation theory:
which is the lowest order that reproduces the previous result. Since the interaction Hamiltonian is quadratic only in the field operators, the complete S operator can also be written as exp(-i4'), with the new operator 4' again of the quadratic form [Eq. 26)] but with the coefficients containing now all powers of K±.
The photon observed in the future in an arbitrary state is created by a linear combination of the creation operators with right and left polarizations. The combinations that appear in the operators X 1 and X 2 play the distinguished role in our study. They will be denoted by alt[f] and a 2 t[g], respectively: 
In the lowest order of perturbation theory, we obtain
where the operator 4' is given by Eq. (26). This matrix element can be easily calculated by using the commutation relations [Eq. (7)] for the creation and the annihilation operators. The resulting expression has the same form as the integral that appears in the formula (22a) for the dispersion AX,. Hence we expressed this dispersion by the photonpair creation amplitude:
Similarly, the dispersion AX 2 is related to the photon-pair production amplitude A 22 [g, g]: Thus the photon-pair production is a necessary condition for squeezing.
The relation between the dispersions AX 1 , 2 and the photon-pair production amplitudes were obtained here in the lowest order of perturbation theory, but, with a certain amount of field-theoretical trickery, one can generalize these results to arbitrary order.
CONCLUSION
Our description of squeezed states may certainly be criticized as an exercise in elementary quantum field theory that does not lead to any progress in our understanding of the physics of these phenomena. To defend ourselves against such criticism, we would like to point out that the description of squeezing based on the field-theoretical foundations can be more easily extended to situations in which the standard approaches may fail. In particular, in this description, the modes of the quantized electromagnetic field in which the squeezing is observed do not have to coincide with the modes that play the decisive role in the dynamics. Also, the observed modes are completely general; they do not have to be monochromatic. In the description that uses the in and out operators, we do not need the Hamiltonian. This may make the analysis of squeezing by dispersive media much easier.
In our description of squeezing we have used the language of the creation and annihilation operators to facilitate the comparison with the standard description of this effect. However, certain interesting features of the squeezed states of the electromagnetic field are not seen in this representation; even the term Gausson or Gaussian pure state cannot be truly justified. Fortunately, quantum electrodynamics offers an alternative representation of the field operators and the state vectors, which enables one to see explicitly the Gaussian form of the squeezed states produced by the medium and to study their time evolution. This representation may be called the Schr6dinger representation because it is completely analogous to the standard representation used in wave mechanics, in which the position operator is represented by the multiplication by x, the momentum operator is represented by -id,9 and the state is described by a function of x. In Appendix A we give an outline of the field-theoretical description of the Gaussons in the Schrodinger representation and show, in particular, what it is that is actually being squeezed.
APPENDIX: TIME EVOLUTION OF GAUSSONS IN FREE SPACE
Gaussons are a natural extension of the coherent states. Coherent states are simply the displaced vacuum states in which the real and the imaginary parts of the displacement are interpreted as the classical (average) magnetic and electric fields. The Gaussons, however, in addition to being displaced, also have their shape modified.
In this appendix we briefly describe the Gaussons and determine their time evolution in the absence of the interactions with the medium, following the approach developed in Ref. 1. In the Heisenberg picture, which we have used in the main body of this paper, the time evolution is introduced through the equations for the field operators. In the Heisenberg picture the squeezing appears as the mixing of the creation and the annihilation operators or as the photon-pair creation. A different picture of squeezing is obtained in the Schr6dinger picture, in which the time evolution is introduced through the changes in the state vector, idt(t) = HIl(t).
(Al)
The simplest Gausson of them all is the vacuum state described by the wave functional To[A],
This is the only Gausson that does not change during the time evolution. All other Gaussons undergo complicated squeezing and tumbling motions, but they always retain their Gaussian form, i.e., their wave functions remain exponential functions of the quadratic expressions built from the functions A(r).
The Gaussons of the electromagnetic field represent a natural generalization of the states of the quantum-mechanical oscillator described by Gaussian wave functions. All coherent states are obtained by adding a term linear in A(r) into the exponent while keeping the quadratic part the same as in the vacuum function [Eq. (A5)]. All Gaussons of the electromagnetic field, for which the quadratic part in the exponent differs from that given in formula (A5), describe squeezed states of the electromagnetic field.
The most general Gausson of the electromagnetic field is described by the wave function of the form
In the quantum theory of the electromagnetic field the state vector 41(t), or the wave function, describes the state of the electromagnetic field, and the operator H stands for the Hamiltonian of the electromagnetic field.
In the standard approach, the Hamiltonian is expressed in terms of the photon creation and annihilation operators, and the state vector is expanded into the photon-number states. 
The Hamiltonian in this representation takes the form
In this representation the Gaussons show their identity best: they are described by a Gaussian functional of A.
+ if d 3 rE(r, t) A(r)}-
This function is a solution of the Schrodinger equation (Al), with the Hamiltonian .of the electromagnetic field taken in the representation [Eq. (A4)], provided that the two vector functions E(r, t) and B(r, t) and the matrix kernel Wij(r, r'; t) obey the time-evolution equations listed below 7 : Thus the average fields obey the classical Maxwell equations, as do the ordinary coherent states. These equations determine the motion of the center of mass of the Gausson, and they are decoupled from the equations for the W that determine the internal motion of the Gausson.
The squeezing phenomena are described by the 3 X 3 matrix Wij(r, r'; t). As was shown in Ref. 1, the nonlinear matrix equation (A8) can be reduced to a linear one and solved explicitly in simple cases. 7 It is the matrix Wj (or its curl Kij) that describes the shape of the Gaussian wave function and its intricate time evolution. The squeezing of this Z. Bialynicka-Birula and 1. Bialynicki-Birula
